
Final Exam

Due date: Dec 7, 2017 at 10am

You may use without proof anything we have shown in class or is in the assigned reading.
You may not refer to other resources or discuss the problems with other people during the exam.
Questions about the problem statements are welcome on Piazza or by email.

1. (2 points) Show by an example that a game that has a dominant strategy equilibrium could
still have a pure Nash where each player plays a dominated strategy. (A strategy is said to
be dominated for a player if there exists another strategy in her strategy space whose utility
is no worse regardless of what the opponents play, and is strictly better for some strategy
profile played by the opponents.)

2. (2 points) Recall that, in any game, when players all use some no-regret learning algorithms,
their time-average strategies converge to a coarse correlated Nash equilibrium. Show that all
coarse correlated Nash equilibrium in a first price auction achieves at least half of the optimal
welfare. (You are asked to show only the complete information case.)

3. Consider the problem of resource allocation. There are m items to be allocated to n agents,
and each agent has the following structure on her valuations: for every item j her value is
vij ≥ 0, but there is a matroid constraint Mi on [m] such that her value for any bundle
S ⊆ [m] is maxT⊆S,T∈Mi

∑
j∈T vij .

(a) (2 points) Show that each bidder’s valuation is submodular.

(b) (2 points) Suppose all the values are public information and so there is no incentive
issues. We use the following greedy method to generate an allocation: sort all vij ’s from
highest to lowest and put them to a list; let vij be the highest on the list; if adding j
to agent i’s current allocation makes it no longer independent in Mi, remove vij from
the list, otherwise, allocate item j to i, and remove all vi′j , i

′ = 1, 2, . . . , n, from the list;
continue doing this until the list is empty. Show that the resulting welfare is at least
half of the optimal.

4. Recall the mechanism problem with a matroid constraint (for which we gave the matroid
prophet inequalities): a set E of n bidders compete for services; each bidder i has a private
value vi, drawn from the distribution Fi supported on Ti, for the service. A set I ⊆ E is
feasible if bidders in I can all be served, and all feasible sets constitute the independent set
of a given matroid M.

(a) (3 points) Let xi(vi) be the interim allocation for bidder i. Show that, a profile of interim
allocation rules x1, . . . , xn is implementable if and only if, for every S1 ⊆ T1, · · · , Sn ⊆ Tn,∑

i

∑
vi∈Si

Fi(vi)xi(vi) ≤ Ev

[
r({i : vi ∈ Si})

]
, (1)
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where r(·) is the rank function of the matroid.1 Note that this is a generalization of the
single-item Border’s inequalities we have seen in class.

(b) (2 points) Describe the allocation rules of the mechanisms that are the vertices of the
feasible region given by (1). (For this problem you will get full marks by giving correct
description alone without showing the reasoning by which you get the result. The
reasoning may help you get partial credit though.)

1Recall that, for S ⊆ E, r(S) = maxT⊆S,T∈M |T |.
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